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Relations between the Lototsky method of summation and those of Borel, Euler, and 
Knopp are obtained by associating an integral transformation with the series transformation. 



1. Introduction 

In a recent paper, R. P. Agnew [1] 3 establishes re- 
lations between the Lototsky method of summation 
for divergent series and the classical summations of 
Borcl, Euler, and Knopp. 

It is the purpose of this paper to show that these 
relations can be obtained in a very natural way if the 
series transformation is associated with an integral 
transformation. The following scheme describes 
the connections between the series and the integral 
transformation: 



original series 



Laurent expansion 



transformed series 



Taylor expansion 



analytic function 



-> integral transform 
of the function 



In section 2 it is shown that under certain con- 
ditions a regular series transformation can be 
assigned to every integral transformation, and con- 
versely. As an example, the integral transformation 
corresponding to the Lototsky series transformation 
(L-transformation) is constructed. This integral 
transformation is used in section 3 for the discussion 
of the relation between the Lototsky and the Borcl 
integral methods. The outcome of this discussion is 
that L-summability contains Borcl integral -summa- 
bility (BI-summabihty) but docs not contain a 
modified Borel summability (BP-summability as 
denoted in [1]). It is shown that the L-method can 
be extended to a summation method which is equiva- 
lent to the BI*-method. 

In section 4 it is proved that a power series is 
L-summable in all interior points of the Borel polygon 
of the corresponding analytic function but not 
L-summable in all the exterior points. This proof 
is based on the relationship between the L-method 
and the Bl-method. 

In section 5 the Lototsky method is compared 
with the method of Euler-Knopp. 

In the last section the inverse of the L-integral 
transform is constructed and used to obtain the 
inverse matrix of the Lototsky series transformation. 



1 This work was carried out in part under a National Bureau of Standards 
contract with The American University. 

2 Present address: University of Zurich, Zurich, Switzerland. 

3 Figures in hrackcts indicate the literature references at the end of this paper. 



2. General Relations Between Series and 
Integral Transforms 

Let a nv (n,v=l,2,. . .) be an infinite matrix whose 
elements are complex and subjeel to the condition 



lini V|a np |=0 (w=l,2,. . .). 



(1) 



We consider a not necessarily convergent infinite 

series 



with the property 



]C U v 



lini Vl^K °° • 



(2) 



m 



This condition assures that the radius of convergence 
of the power series 

v=l &v 

is positive. 

Under conditions (1) and (3) all the series 



v=l 

are convergent, as can readily be seen with the help 
of the root test. Therefore, we can say that under 
those conditions the matrix (a nv ) defines the series 
transformation 



0=1 



(4) 



We will show now that one can associate with this 
series transformation a certain integral transforma- 
tion between the analytic functions 



and 



v=l 6 






(5) 



To obtain the kernel of this transformation we 
define the functions P n (z) by 



Pn(2)=T,<lnv + lZ V (W=l,2,. 

71 = 



•J- 



Because of (1) these series are convergent for every 
z and thus P n (z) are entire functions of z. 

It follows from (3) that the f unction f(z) is regular 
outside of a certain circle, \z\ = p. Now we integrate 
the product, P n (z)f(z) along a circle \z\ = R (R^>p), 
and obtain 

4t>P n (z)f(z)dz=(p S a nv + 1 u v z v *dz 

oo 

=2wi ]T) ^nn^n=^iU n . (6) 
Under the hypothesis that the function 

K(z,a) = JZP n (z)a n 



is regular in the domain I^K 00 , I«|<^1> we derive 
from (6) 



f 



K(z,a)f(z)dz=2wi 2 U n a n . 



Hence, defining the function <j>{a) for |a|<^l by 



71=1 



we obtain the integral transformation 4 



(7) 



which maps every function /(g) which is regular 
outside of a certain circle into a function <f>(a) 
which is regular within the unit circle. 

Conversely, let (7) be an integral transformation 
whose kernel K(z,a) is regular in the domain 
|g|< oo , | a [<i and fulfills the condition 5 K(z,0) = 0. 
Substituting for f(z) a function 6 regular for |z|>l, 



v=l & 

we obtain for <j>(a) a function which can be expanded 
into a power series within the unit circle, 



71 = 1 



4 The path of integration in the z-plane will always be a circle \z\=R (R>1). 

8 This is not an essential restriction because it can be achieved by replacing 
K(z,a) by K(z,a)—K(z,0). Then the function <£(«) is only changed by a con- 
stant. 

s It is assumed that there is no constant term in the expansion; in other words, 
that/(°o)=o. 



From (7) we obtain between the coefficients u v and 
U n the relations 

Hence the integral transformation (7) defines a series 
transformation whose matrix is given by 

It can be shown that under certain hypotheses about 
the kernel the series transformation (8) is regular in 
the following sense : If the series ^2u v is convergent, 

V 

the series Xj U n is Abelian summable (A-summable) . 

n 

This means that the limit 

lim (it,U n a*) (a real) 

a->l-0 \7l = l / 

exists and the relation 

lim (itUna^itv, 

a-»l— \ra = l / 0=1 

holds. The hypotheses about the kernel are: 

(i) K(z,a) is a regular function of z and a in the 
domain l^j <^oo ? |a|<l and therefore can be expanded 
in the form 

K(z,a)=J2a n+1 (a)z\ (9) 



(ii) For every fixed n we have 

lim a n (a) = l (a real). 

o->l-0 

(iii) There exists a constant M not depending on a 
such that 

2 \a n+1 (a)-a n (a)\^M. 



To prove the above statement we consider the trans- 
formation 



<t>{oL)=±-.j> K{z,a)f{z)d{ 



*) 



and substitute for K(z,a) and f(z) the expansions 
(9) and (5), respectively. So we obtain the series- 
to-function transformation 



v = l 



(10) 



Using a well-known regularity theorem we conclude 
from conditions (ii) and (iii) that this transformation 
is regular; this means, the limit lim 0(a) exists pro- 

«->l-0 

vided that the series ^u v is convergent and the 

V 

relation 

oo 

(11) 



lim <£(«) =S u v . 

a->l-0 V=l 



holds. 

The statement which has just been proved can be 
formulated as the following: 

Theorem 1. Let K(z,a) be a function with the 
properties (i), (ii), and (iii), and let the matrix a nv 
be defined by 

Then the series transformation induced by this matrix 
carries every convergent series J^.u« into an A-summable 

V 

series ^LjU n with the same sum. 

n 

It is worth noting that the series *^LjU n need not 

be convergent itself. However, if the matrix a nv 
fulfills additional inequalities of the form 



v = l H> 



(n=l,2, . . . ) (12) 

where M is a fixed number, it follows thai 

Iii this case we can apply the Tauberian theorem and 
conclude that the series ^U n is convergent and 

n 

S U n = lim S (U n a*). 

n a-»l — n 

r riins, under the additional hypothesis (12), we get 

n v 

for every convergent series ^LjU v , which means that 

V 

the transformation (4) is regular. 

As an example, let us consider the series transfor- 
mation 

1 



series ^ZU n is convergent respectively A-summable 
the original series 2ZX> wm ' )(> called L-summable 

V 

respectively AL-summable, and we write 



and 



n \ v / 

lim (j:U n a")=AL(^:u\ 



For the integral kernel, K(z,a) = ^>0, P n (z)a n , of the 

L-transformation, the functions l' n (z) have the fol- 
lowing form: 



Pi(z)=z 

p / v 1 / v (~1)"/1-JS\ 

p B ( 2 )=- 2 , 7 ,_ 1 ( 2 )=_ r ^ ft j 

r Fhis leads to 



(n=2,3,...). 

(15) 



2-1 



l/i — u : , U n — . J>_, p n -i >v -iU v 
n . v =\ 



I z. (1«j) 

where the />„,. are the coefficients of the polynomial 

p n (z) = z(z+l). . . (s+n-1) (71=1,2,. . .). (14) 

This transformation was introduced by Lototsky [3] 
and will be called the L-transformation. If the 



Hence, defining the analytic function 0(a) 
(|«|<D by 



♦C.)-^ 



1 ^(1-a)'- 2 -l 



2 — 1 



/(«)<fe, 



(16) 



the AL-summability of the series 2^ means that 

V 

0(a) approaches a limit if a tends to 1 from the left 
along the real axis and we have the relation 



AlA^j u v )= lim 0(a). 

V v / a->l— 



In order to show that a convergent series is also 
AL-summable to the same value we cheek that the 
kernel K(z, a) satisfies the hypothesis of theorem 1. 
Condition (i) is immediately clear and (ii) follows 
from the fact that a n (a) can be written as 



{a)=7 L£K(zA dz=h 



where 

J=— log (1— a). 
To check (iii) we observe that 



(17) 



a n+1 (a)—a n (a)=e~ 



yii 



(n+D! 



and therefore 

00 co /yft + 1 

2 \a n+1 (a)—a n (a)\ = e- y S /„ , n . 

0~V=1 (0^a<l). 

Now it follows from theorem 1 that the transforma- 
tion (13) maps a convergent series into an A-sum- 
mable series with the same sum. 

In this special case it even can be shown that the 
series ^U n is convergent itself. From (13) we get 



S «' = ^S^-^- i= ^»- i(1)= ? 

and thus condition (12) is fulfilled which assures the 
convergence of the series ^,17 n . This means that 

n 

the L-method is regular. 

3. Connections Between the Lototsky and 
the Borel Summabilities 

As mentioned before, there is a close relationship 
between the Lototsky and the Borel-integral methods 
of summation. Let ^u v be a (not necessarily con- 

V 

vergent) infinite series such that 

lmT:/S=0. (18) 

Then the sum 



F(t)=iz^r 



(19) 



~ vi 
defines an entire function of t. The series XX i s 

V 

called summable with respect to the Borel integral 
method (Bl-summable) if the improper integral 



j; 



e-'F(t)dt 



exists. In this case we write 

Bl(ZX)=fV^F(*)^. 
We are going to show that the function 

B(t)= [' e~ T F(r)dT (20) 

can be represented as a certain integral transform 
of the function 






Assume (as we did in sec. 2) that the radius of con- 
vergence of the series (21) is positive; in other words, 
that 



lim yju n |=-<oo. 

n->c» / 



(22) 



Since ^wl— >oo it follows from (22) that condition 
(18) is automatically fulfilled. 

The coefficients u n are represented by the integrals 

u n+l =^-.j) j(z)z n dz (23) 

where the integral is taken around a certain circle 

\z\ = R (R>r). From (23) it follows that 

2 ir '-5; f m ± % ^L f w*- 

and therefore, using (19) and (20), 

B(t)~ { £ j> e^-»f(z)dzdT. (24) 

Since the integrand is regular we can interchange the 
two integrations and integrating with respect to r we 
obtain 



1 X f Hz ~V — 1 



z)dz. 



(25) 



Thus the Bl-sum of the series ^2u v can be repre- 

V 

sen ted as the limit 



B K^ u °h™M e -^ fi 



z)dz. (26) 



Comparing transformations (16) and (25), we obtain 
the following relation between functions <j>(a) and 
B(t): 



(21) 



4>{a) = B{— log(l— a)) 
which can also be written as 

£0)=*(1— €"'). 



(I«KD, (27) 



(28) 



From this relation it follows immediately that the 
existence of one of the limits 

lim <f>(a) or lim B(f) 

o-»l-0 t->co 

implies the existence of the other, and these limits 
coincide. This means in terms of series: Under the 
hypothesis (22) AL- and the Bl-summability are 
equivalent. 

Here the question arises whether this equivalence 
still holds without condition (22). We are going 
to show that the implication BI^AL is true in 
general but not conversely. 



We first prove 

Lemma 1 : Let u v be an infinite series such that the 
function 



v^O V 



is regular in a certain neighborhood of t=0 and define 
the functions B(t) and <t>(a) by 



B(t) 



= P F(r)e- r dr 
Jo 



and 



cf>(a) = B(—log (1— a)). 
Then the coejficients U n of the expansion 

are the L-transforms of u v . 

Proof: The coefficients U n are defined by 

B(-\og(l-a))=^U n a\ 
n 

Differentiating this relation we get 

B'(-log (1 -a)) t^-=S nU n a n -\ 

l— a n 

and hence, observing tliat 

B'(t)=F(t)e- 1 
and therefore 

B'(-fog(l-a)) = (l-a)F(-]og(l-a)), 

we conclude that 

T,nU n a n -' = 1b ^^ [log (l-«)]% +1 . 

Using the residue theorem we conclude that 
1 ^ (-1)" /X [log (!-«)]' \ 

which can be written as 



(29) 



ft! v=i) W! y=l 



where the coefficients a„ y are defined by 



(31) 



It has to be shown tliat the numbers a nv coincide 
with the numbers p nv defined by (14). First of all 
we have a nv =0 for v^>n since the functions 

[log (!-«)]' 



are regular at «=0 provided that v^n-\-l. We now 
define the polynomials a n (z) by 



and show that 

d n (-k)=0 (k = (),\,... ,n— 1). 
In fact we have for every integer 

If now k^ n— 1 there is no residue, at a=0 and we get 

a n (-k)=0 (fc=0,l,...,7i-l). (32) 

From here it follows, since the polynomial a n (z) has 
the degree n, 



a n (z)=\z(z+l) . . . (2+TO-l) 



(33) 



where X is a constant. Substituting 2=1 in (33) we 
get 

a ra (l)=Xn! 

and on the other hand we have 

v=i v=i v=i vi j a 

=»^(i^-0^-'- 

From the Last two relations it follows that X=l and 
we obtain 

a n {z)=z(z+l) . .. (z+n-l)=p n (z) 
and comparing the coefficients 

which proves lemma 1 . 



Theorem 2. 7 A Bl-summable series is also AL- 
summable and the two sums coincide: 

BI (jZu^\=AL(yZu\ 
Proof: By hypothesis the series 

i>=0 VI 

defines an entire function. Hence the function 

dt 



B(t)= r F(T)e~*i 



is entire too, and therefore the function 

0(a)=fl(-log(l-a)) (34) 

is regular for |a|<0- According to lemma 1 we have 
the expansion 



*w=z;^«» 



(35) 



where the U n are the L-transforms of the u v . Hence 
the series 



is convergent for |a|<0- Furthermore, we obtain 
from (34) and (35) 

S?7„a*=£(-log(l-a)), 

71=1 

and hence, if a tends to 1 on the real axis, 

lim (i£U H oA= lim B(t). 
This means that the series ^u v is AL-summable 

V 

and that the relation 



holds. 



^i(s^)=s/(s^) 



Conversely, one cannot conclude that an AL- 
summable (even an L-summable) series is also 
Bl-summable, as the following example shows: 

Let the function <p(t) be defined by 



*(0 = 



2-e- 1 



7 Different proofs of theorems 2 to 4 are given in a mimeographed report by 
R. P. Agnew (U.S.A. F. Contract 18 (600-685)). 



and the sequence u n by 



Then we have 



HO) 



(*=1,2,-..)- 



(36) 



Ui 



~0 VI 



'P+1 
! 



t v - 



'2-e- 1 



and therefore this series is convergent only for 
|/Klog 2. Hence the Bl-methodcannot be applied. 

To obtain the L-transform of sequence (36) we 
apply lemma 1. The function B(t) in our case is 
given by 

B(t) =£f~=log(2-e-'), 

and from here we get 

<l>(a) = B(-log(l-a))=log(l+a), 
and thus 

The series ^JJ n is convergent, and hence series (36) 

n 

is L-summable to the value log 2. 

As the above example shows, the AL-summability 
of a series Xj^» does not imply that the series 



v V\ 



has an infinite radius of convergence. It can be 
shown however that this radius can not be less than 
log 2. To this purpose we prove 

Lemma 2 : Let ^,u v bean infinite series and ^2 U n its 

v n 

L-transjorm. Assume that the series 

V 

is convergent in a certain circle \a\<^p, (p>0). Then 
the series 



F(t) = ^ L 



vl 



t v 



is convergent in a certain circle \t\<^p', (p'>0) and the 
relation 



r(?iH e ~^=* (i - e - () 

holds. 

Proof: By^ hypothesis the function 

B(t)=<t>(l-e->) 



(37) 



(38) 



is regular in a certain circle |^Kp' and therefore the 
same is true for the function 



F(t) = B'(t)e', 



(39) 



- / fCi)l , 
v 



whore IV indicates the derivative of B. 
From (38) and (39) it follows that 

F(*)=*'(l-e«)J| (40) 

Expanding the function F{t) into a power series, 

F(t)=Jlc v t>, 
we obtain from (40) 

and if we introduce 

a=\-e~ l 
as a new variable, 

^W=S(-l)V,[log(l-a)] p . 
v 

On the other hand we have 

¥{a)=TiUU n a n '\ 

n 

From (41) and (42) it follows that 

£ nt/^-^S (-l)'C Hog (1-a)]' 
and from here we obtain 



(41) 



(42) 



fW-^X(-l) 



■e.f 



[\0g(l-a)Y 



da 



=-j 2 Pn-lvV\c v . 



This equation states that the U n are the L- 
transforms of the sequence v\c v . On the other 
hand, they are by definition the L-transforms of 



u v , and hence we conclude 






C v — | ^» + l« 



Therefore the expansion of F(t) becomes 



^o vi 



(43) 



and this series must be convergent within the 
circle \t\<^p\ 

Relation (37) now follows from (43), (39), and 
(38). 

From lemma 2 we can derive the following theorem, 
which is proved by Agnew [2] in a different way. 

Theorem. For the terms of an AL-summable 
series ^2u v the inequality 



lim 

??-»co 



n /Kl< 1 

\ n\ log: 



(44) 



holds. 

Proof: Since the series ^u v is AL-summable the 
function v 

n 

is regular for |a|<l. Hence the function B(t) 
defined by 

must be regular in the domain D, which is deter- 
mined by the inequality 



D: |l-6-<|<l; 
and the same holds for the function 

F(t)=B'(t)e- 1 . 
Writing t=x-\-iy, we get 



(45) 



11- 



-A+2e- x (he- x -cosy) 



and hence inequality (45) is equivalent to 

§«r r <cosy. 

This means that the point t=x+iy lies in the 
"interior" of the curve 



£=— log (2 cos?/). 



(46) 




Figure 1. Relations between summation methods and integral 
transformations. 



Thus the function B(t) can be expanded into a 
power series within the largest circle \t\ = p with the 
center £=0 that is contained in the domain D. 
This is the circle 

|*|=log2. 

because this circle touches curve (46) in the point 
t=— log 2, it is sufficient to show that the radius of 
curvature of the curve (46) is not less than log 2. 
The curvature of this curve is given by 



1 



1 



p cos y 



508980—59^ 



and hence we have 

P >l>log2. 

Thus the expansion of F(t) into a power series 
must be convergent for 

|t|<log2. 

On the other hand, using lemma 2 this expansion is 
given by 



VI 



F(t)=^^t\ 

V 

From here it follows that 



lim 






: log2' 



which proves theorem 3. 

It follows from series (36) that the bound 1/log 2 can 
not be improved. 

The BI*-method. The application of the BI- 
method provides that the series 






hi 



converges in the whole £-plane. Frequently the 
case occurs that the radius of convergence of this 
series is positive and finite such that this series de- 
fines a regular function F(t) within a certain circle 
|£|<0- If this function can be analytically continued 
along the positive £-axis one can form the improper 
integral 



/; 



F{t)e- l dU 



In case this integral is convergent, the series is said 
to beBP-summable [2, sec. 11] and its value is called 
the BI*-sum of ^,u v , 

V 

B I* fe u^= r l F(t)e- l dt. 

Obviously a Bl-summable series is also BI*-sum- 
mable to the same value. 

It can be shown that AL-summability implies 
BI*-summability, but we do not prove this here 
since BI*-summability will turn out to be equivalent 
to a generalization of AL-summabilit} 7 and the above 
statement will follow immediately from there. 

To demonstrate the BI*-method by an example, 
let u n be defined by 



u n+1 =(-iy 



nl 



(*=<>, 1,2, 







(47) 



where a (a^O) is an arbitrary complex number. 
In this case we obtain 



w V\ 



1 



l + t/a a+t 



and thus, 



Br 



(?"•)=!' 



a+t 



dt. 



This integral converges for every number a which 
is not real and negative and therefore series (47) is 
BI*-summable for all those values of a. 

The next example shows that a BI*-summable 
series is not necessarily AL-summable (and hence 
not L-summable) . Let the function <j>(f) be defined by 



4>(ty- 



i 



(a-e- 1 ) 



(48) 



where a is a real number such that <0>1, and let 
the sequence u n be defined by 



u n 



=^,("- i » 



(0) 



Then the series 



(n=l f 2, . . .). 



(49) 



v (*+l)l 

is convergent in the circle 

\t\<Clog a 

and represents the function <j>(t). This function is 
defined along the whole positive £-axis and the integral 



I 



e~'dt 



{a—e~ 1 ) 2 a—1 a 



is convergent. Thus the series (49) is BI*-sum- 
mable. 

In order to obtain the L-transform of (49) accord- 
ing to lemma 2 we have to form the function 



**>-£ 



4>{T)e~ T dr= 



1 



a—1 a— e~ 



and then substitute 
t= 
This gives 



-log (1- 



a—1 a—l+a 



The function <£(«) so obtained has a pole at a=l — a 
and hence the seriesT^ U„a n is only convergent in 
the circle n 

|a|<a— 1, 



which is smaller than the unit circle if a<^2. There- 
fore, the AL-method can not be applied to series (49)- 

The AL*-summability. As the last example shows 
the BI*-method is more powerful than the AL- 
method. However the AL-method can be extended 
to a method AL* in a similar way as BI has been 
extended to BI*. 

Let ^PjU v be an infinite series such that the power 



series 



*(a)=SJ7»a n 



is convergent within a circle |a|<0 and assume that 
the function <j>(a) can be analytically continued 
along the interval 0^u<^l (a=u-{-iv). If the 
limit 

lim 0(a) (a real) 

<r-»l-0 

exists we shall call the series y^,u„ AL*-summabIo and 
write 

AL*(2X)= lim 0(a). 

\ V / a->l-0 

AL*-summability obviously implies AL-summabil- 
ity. 

Theorem 4. The AL*-summabihty is equivalent 
to the BI*-surnmabi/ity. 

Proof: Assume first the series [ \5^.u« is BI*-sum- 
mable. Then the function 



F(«=s 



vi 



t v 



is regular within a circle [£|<p. Let now the func- 
tions B(t) and 0(a) be given by 



and 



B(t)=r& 



'(r)e- T (h 



0(a) =B(- log (1-a)). 



(50) 



Then 0(a) is regular within a circle |a|<p' and 
therefore it can be expanded into a power series 



According to lemma 1 the coefficients U n are the 
L-transforms of the u v . By hypothesis, the function 
F(t) can be analytically continued along the positive 
£-axis and therefore the same is true for the function 
B(t). Hence eq (50) defines an analytic continua- 
tion of the function 0(a) along the real unit interval 
and we have 

lim 0(a) = lim B(t). 



Tins means that the series ^2u v is yl/>*-summable 
and the relation 

AL*fe^)=BI*(2X) 

holds. 

On the other hand, if the series X}"> ' s AL*-sum- 

V 

mable, the function 

0(a)=S*7 n a* 

is regular within a circle \a\<^p. Hence the series 

v VI 

according to lemma 2 is convergent within a circle 

\t\<Cp', and the relation 



F(O=0'(l-<r*y 



(51) 



holds. Since the function 0(a) by hypothesis can be 
analytically continued along the real unit interval 
the same holds for F(t) along the positive £-axis and 
relation (51) holds for every positive t. From there 
we obtain 



/; 



F(t)e- t dt= lim 0(a) 



which shows that the series XX- is BI*-summable. 

V 

Altogether we have the following relations between 
the Lototsky and the Borel methods, where all the 
simple arrows are not invertable: 

Z-^AL-*AL* 

t IT 

BI BI* 

Series (36) shows that L does not imply BI, but it 
is not known to the author whether the implication 
BI->L holds. 

3. Application to Analytic Continuation 

Let g(z) be an analytic function regular in a do- 
main D which contains the origin and let 



0(S)=Z>*3 1 '"" 1 
v=l 



(52) 



be the expansion of g(z) around the point 2=0. It 
is a known result that the series (52) is Bl-summable 
to the value g(z) at every interior point of the Borel 
polygon 7r of g(z) and not Bl-summable at every 
exterior point. Making use of the relationship 
between the BI- and the L-summability the same 
can be shown for the L-summability of series (52). 
In order to do so we first observe that 

lim VK^S ZT | = No|lim VW<°°. 



and hence the B I -summ ability is equivalent to AL- 
summability (sec. 3). From this remark and the 
implication L^AL it follows that series (52) can 
not be L-summable at an exterior point of -k. 

Let now z Q be an interior point of t. Then the 
series ^u v zl~ l is Bl-summable and hence AL-sum- 

V 

mable. Thus the relation 

lim (TiU n (zo)a n )=g(zo) (53) 

a-»l-0\ n / 

holds where U n (z ) denotes the L- transform of the 
sequence u v z Q ~ l . 

It remains to show that the series ^U n (zo) is con- 

n 

vergent; then the relation 

J2 U n (zo)=g(zo) 

n 

will follow from (53) and the Abelian limit theorem. 
We are going to prove the absolute convergence 
of the above series. For that we start out from the 
relations 

Y n—l 

Un ^ = n\ ? Pn ~ l v U,J+l z ' ' ^ 

Since z is an interior point of the polygon tt the 
closed circle 



z 



\Zo\ 



is contained in D, and therefore a number p>l can 
be chosen so close to 1 that the circle 



c: 



Zq 



=p 



Zo 



still is contained in D. [2, Chap. VIIL] 
Hence the coefficients u v can be represented by 



(55) 



From (54) and (55) we obtain 
Un ~ n \jP"- l 'z' +l0 n\J z Vn-iy-^jaz 

c c 

and from there, if M denotes the maximum of 



9(2) 



on the circle c, 



\U n \£ 



M 



"-(?) 



If we write for abbreviation 



z 



this relation becomes 

|tf n |^|«||« + l|... \u+n-2\. 



=M 



>(« + !) .. . (u+n) 



n\n w 



(co+n— \)(a)-\-ri) 



(56) 



If n tends to oo the first factor approaches r(a>) 
and therefore stays bounded. The same is true 
for the second term and therefore it is sufficient 
to show that the series 



Z>" 



(57) 



is uniformly convergent on c. The circle c is 
represented by the equation 



z=f(l+pe*°) 



From here it follows that 

Zo 



(O^0^2tt). 



z l+pe ie 



and for the real part 



m , 2(l + pcosfl) 2 



l+2p cos (9+p 2 ~l + p 



Therefore we have 



■2p 



(«>0) 



1+P 

and hence the inequalities 

| n «-2| <^- (1+8) 



hold, which imply the uniform convergence of series 
(57) on c. Now the absolute convergence of the 
series ^,U n follows from (56). 



5. Connections With the Euler-Knopp 
Method 

The Euler-Knopp transform of a sequence u v 
(EK-transform) is defined to be the sequence 



"-? (;:;>■ 



(i— «)"-»«, 



(58) 



where k is a complex parameter. 

This transformation can be derived from a linear 
transformation of the w-plane which has the fixed 
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point co = 1 and maps co=() into co— <». The most 
general transformation of this kind is given by 



2 = 



\-a 



where a is a complex number. Now let 



/(*) = S£ 



(59) 



(60) 



bo an analytic function which is regular for |2|>1. 
Tins implies that the function 



/*(«): 



<-l"+°) 



(61) 



is regular in the domain that is mapped onto \z\^>\ 
under the transformation (59), that is the circle 

|1— a+aco|>|co|. 

Since this domain contains the point co=0 the 
function /*(«) can be expanded into a power series 



;/ 

The coefficients Z7„ are given by 

If we substitute here for the function /*(o>) the 
expression (61) and iorj(z) the expansion (60) we get 

This integral can be evaluated by the residue 
theorem. First we observe that 

(l-a+au)-'=(l-a)- v (l+^^~ V 

= k v {1+(k-))u>}- v 
where 



1-a 



(62) 



From there we obtain 



v -=U§?t.'-{i 



v \n—vj 



and making use of the identity 

(-;)(-D--(::I> 

we finally get 



This equation shows thai the coefficients I r N are the 
EK-transforms of the coefficients u„. 

From the relationship bet ween t lie EK-transforma- 
tion and the linear mapping (59) it can easily be 
derived that the EK-transformation cannot be 
regular unless k is real and 0<k^1. Assume that 
transformation (58) is regular and let XX be a con- 
vergent series such that the function 



f(*)=^~ 



(63) 



has a singularity at a given point z x (jjafi| = 1-, 2i^l). 
Then t he series 2^£/ w by hypothesis is also convergent 

and hence the function 

/*(«)=/ (-" "'''+<'■) (^) 

is regular for |«j<l. Therefore the function j(z) 
must be regular in the image domain of the circle 
|co|<l under the mapping (59). This image is 
given by 

D a : |s— a|>ll— a|. 

Therefore the point z x cannot be contained in D a 
and since z x was arbitrary on the unit circle this has 
to hold for the whole circle |s| = l. Hence the unit 
circle has to be contained m the circle 

\z-a\^\\-a\ 

and this is possible only if a is real and a 5^0, which 
means that k is real and 0</c^ 1. 

It is known that an EK-summable series is also 
AL-summable provided that k is real and positive 
[2, sec. 8.] We shall give here a proof of this fact 
using the integral representation of the L-trans- 
formation. 

Let XX be an EK-summable series and define the 
function j{z) by 

/(«)=S -• 



ii 



Then the function 

Sr(o,)=r(^)=/((l-a)«+a) 
has the expansion 

n 

The function f(z) can be expressed by g(<a) as 

From this equation it follows that the L-integral 
transform oif(z) can be written as 



*(, 



a) =M 



(i-«)'- z 

3-1 



-1 



/(s)<fe 



2irtj 2—1 \1— «/ 

Introducing the new variable 

z-a 
s 1-a 

we obtain 

1 X (1 — /vV 1 -f )(1 - a) — 1 

and hence </>(«) can be considered as the transform of 
#(o>) with respect to the kernel 



K(S,a): 



(l-tt)"-r>«-«>_l 
f-1 



It is easily verified that this kernel fulfills the condi- 
tions of theorem 1 provided that a is real and ^ a< 1 . 
Therefore it follows that under this condition 



lim <Ka)=2C7»=EK 

a-^1— n 



(?*•) 



provided that the series ^2U n is convergent. But 
that means that the series ^2u v is AL-summable and 

V 

the relation 



AL (s^)=EK (zx) 



holds. 

In case k is not both real and positive it is shown 
by Agnew ([2], sec. 8) that EK-summability does 
not imply AL-summability. 



6. Inversion Formula of the Lototsky 
Integral Transformation 

The question arises whether the integral transfor- 
mation 



*(<*) 



i A (\-ay- z -\ 4 



(65) 



can be inverted. One cannot expect that to every 
given regular function cj>(a) (|al<0) there exists a 
function f(z) regular outside of a sufficiently large 
circle such that relation (65) holds. Provided such 
a function exists, it can be represented as an integral 
transform of 4>(a) at least in a half-plane. 

Theorem 5. Let f(z) be a function regular for 
\z\ >r such thatf(co)=0, and let 0(a) be its transform 
with respect to (65). Then in the half -plane £>r the 
function j(z) can be represented as 

f(z) = (z-l)j\(a)(l-ay- 2 da. 

Proof: Since /(oo) = 0, relation (65) can be written 



as 



^-M {± ^ j{z)dz - 



(66) 



Let Zo=Xo-{-iyo be a fixed point in the half-plane 
£>r. We choose for the path of integration in (65) 
a circle \z\=R, where 

r<i?<£o. 

If (65) is multiplied by (1 — a) z °~ 2 and integrated with 
respect to a between and t (0<^<1), we get 



j>) a-«)-^r 



_,yV0-Z-l 



a-a) 



- j(z)dzda. 



z-\ 



Since the integrand is regular, the two integrations 
may be interchanged and we obtain integrating 
with respect to a 



l 



4>(a) (l-a)*o- 2 da 



-2^ ( g -l)( 8 ,-e) f{2)dZ - 



If t tends to 1, the expression 

(1-OV 

tends to zero uniformly on 
inequality 



R because of the 



Re (zo-z)^x»-R>0. 



Hence we obtain 



f 0(a) (l-o0 2 o- 2 da= 
Jo 



i £ mdz 

27riJ(z-l)(z -z) 



(67) 
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The right-hand side of this equation can be evaluated 
by the Cauchy integral formula since the function 
f(z) is regular for |z|>/\ Observing that /(co) = 0, 
we get 

1 sf f(z)dz _ /(g ) (fK ^ 

27r iJ(z-l)(z -z)~z -l [m) 

From (67) and (68) it follows that 

/(*o) 



H'*<« 



)(l-ay*- d da 



and we obtain the formula 



f(z) = (z-l) r 4>(a)(l-a) g -*da (x>r) (69) 

which is the inversion of (65). 

Formula (69) can be used to obtain the inverse 
matrix of the L-transformation (13). For the 
particular functions 



(70) 



<t>(oz)=a k (k=0, 1 . . .) 

we get from (69) 

f( Z ) = (z-l) Va k (\-ay-*da 

= fci = _fc!_ 

z(z+l) . . . (s+i-l)"~2fc(*)' 

This function is in fact regular outside of the circle 
\z\ = k—l and thus for the special functions (70) 
the integral equation (65) does have a solution that 
is regular outside of a certian circle. 

To obtain the inverse of the L-transformation 



U n i / i Pn — l v — l^vy 



(71) 



we denote by q nj the inverse of the matrix p nJ . 
Then it follows from (71) that 



The functions 



and 



^n=J2jWn-lj-lUj. 



<t>M=^U n a n 






(72) 



correspond to each other by the transformations 
(65) and (68). 

In particular, the function (70) possesses the 
coefficients 

and hence we obtain from (72) 

J 

Thus the function f(z) has the expansion 

/(HS^tt (73) 

On the other hand this function is given by 

£1 



m= 



P*(z) 



(74) 



Comparing the right-hand sides of (73) and (74) 
we conclude that 



and from there 



y-> ffn-1 *-! __ 1 
n Z n P k (t) 



or if n — 1 is replaced by n and k — 1 by k, 

^M^) dz ' (75) 

This formula corresponds to the representation (31) 
of the matrix p nv . If the integral in (75) is evaluated 
by the residue theorem we obtain the formula 

k V n ~ l 

■TO &*- 1 '" (£)«"■ 
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